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This paper compares the thermoacoustic limit cycles of a premixed laboratory combustor with acoustically open

and choked exits. It is shown that the form of the downstream boundary condition can have a significant effect on the

combustion chamber acoustics, with both the dominant limit cycle frequencies and the acoustic mode shapes being

very different for the different combustor exits. The fundamental limit cycle frequency with the choked exit in place

agrees closelywith that determinedby the convective time scales of entropy disturbances, as arguedby other authors.

A novel experimental method is then developed to examine the acoustic response of an arbitrary duct termination to

incident pressure and entropy perturbations, and used to measure the response of the combustor downstream

boundary condition during thermoacoustic limit cycle. The reflection coefficient for the acoustically open exit

matches closely the classical result for zero mean flow. It is also shown that a choked nozzle downstream of the flame

generates significant sound due to the interaction of the convected entropy perturbation with the nozzle. This final

result is qualitatively in keeping with an existing analytic boundary condition for a choked nozzle, even though

quantitative agreement is not observed. Reasons for this discrepancy are then suggested.

Nomenclature

A = Fourier transform of the nondimensional incident
pressure fluctuation

AR = downstream nozzle area ratio
a = amplitude of the incident nondimensional pressure

fluctuation
B = Fourier transform of the nondimensional reflected

pressure fluctuation
b = amplitude of the reflected nondimensional pressure

fluctuation
Cij = real part of the cross-spectral density between i and j
c = speed of sound
cp = specific heat at constant pressure
f = frequency
H = transfer function
k = wave number
L = length of rig downstream of the flame holder
M = Mach number
n = mode number
P = Fourier transform of the nondimensional pressure

fluctuation
p = pressure
Qij = imaginary part of the cross-spectral density between i

and j
R = reflection coefficient
S = Fourier transform of the nondimensional entropy

fluctuation
Sij = cross-spectral density between i and j
s = entropy, amplitude of the nondimensional entropy

fluctuation

T = temperature, Fourier transform of the nondimensional
temperature, measurement period

t = time
u = velocity
x = spatial coordinate
� = ratio of specific heats
� = density
� = equivalence ratio
! = angular frequency

Subscripts

H = hot flow quantity
i = incident
n = mode number
p = pressure
r = reflected
s = entropy
1,2,. . . = measurement location, transfer function number

Modifiers

�g = mean component of the quantity g
g0 = fluctuating component of the quantity g
g� = complex conjugate of the complex number g

I. Introduction

T HERMOACOUSTIC oscillations can occur whenever
combustion takes place within a confined space. Unsteadiness

in the heat release produces disturbances in the flow, which can then
perturb the flame, generating more unsteady heat release. A
mechanism explaining this phenomenon was first described by
Rayleigh [1]. In applications such as gas turbine or rocket engines,
the pressure fluctuations may become so intense that structural
damage occurs.

Thermoacoustic oscillations in premixed combustors have been
studied extensively over several decades [2,3]. However, most
studies have concentrated on combustors with acoustically open
exits, with the effect of choking the combustor exit receiving
less attention [4]. This is an important omission, given that
several theoretical studies suggest that a choked downstream
boundary condition can have a strong effect on the system stability
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[4–6] and also that most in-service combustors feature choked or
nearly choked nozzles immediately downstream of the combustion
chamber.

Marble andCandel [7] developed a linear boundary condition for a
choked nozzle, which is commonly used to model thermoacoustic
instability. MacQuisten and Dowling [4] experimentally and
theoretically studied the thermoacoustic instability inside a model
afterburner, comparing an open exit and a choked exit nozzle. They
find that the addition of the choked nozzle is highly destabilizing, and
significantly changes the observed instability. They then use Marble
and Candel’s boundary condition coupled with a flame model
developed by Bloxsidge et al. [8] and obtain reasonable agreement
between the measured and experimental pressure mode shapes and
the heat release. However, the comparison of choked and open
combustor exits was not the main focus of the paper. Dowling [5]
theoretically examined instability in a one-dimensional combustion
chamber, using Marble and Candel’s boundary condition and
comparing two flame models, showed that a downstream nozzle can
be a source of acoustic energy, leading to instability even though the
Rayleigh energy source term is zero. She also shows that the presence
of the nozzle can lead to a low-frequency mode depending on the
convection time of the entropy disturbance. The existence of a low-
frequency mode was also predicted by Keller [9], who developed a
model predicting the frequency of an instability dominated by the
convection time scales of entropy perturbations. In their
experimental studies of low-frequency instability in diffusion
combustors, Eckstein et al. [10] reached the opposite conclusion that
the choked nozzle has no effect on the observed instability, which is
instead dominated by the convection time scale of fuel droplets from
the fuel atomizer to the flame front. It is likely that these conflicting
results are due to the differing designs of the combustors: that of
MacQuisten and Dowling [4] is a tube combustor with a bluff body
stabilized flame, in which it is likely that combustion occurs over a
long length extending almost to the downstream boundary, whereas
in that of Eckstein et al. [10], combustion occurs over an axial length
much shorter than the combustion chamber, allowing the entropy
perturbation generated by the flame to diffuse before reaching the
downstream boundary. Nevertheless, these differing views on the
importance of the downstream boundary suggest that further
investigation is required.

This paper compares the thermoacoustic limit cycles of a
premixed laboratory combustor with acoustically open and choked
exits. The comparisons include analysis of the duct acoustics with
unsteady pressure transducers, and it is shown that the form of the
downstream boundary condition can have a significant effect.
AlthoughMarble and Candel’s [7] boundary condition is commonly
used in theoretical studies, to the authors’ knowledge, this boundary
condition has not been experimentally verified. To investigate the
downstream boundary condition further, the so-called “two-
microphone method” [11] is extended to include incident convected
entropy fluctuations, allowing the experimental determination of the
response of an arbitrary duct termination to incident pressure and
entropy perturbations. This method is then used to compare the
response of the open and choked combustor exits, and it is shown that
the choked nozzle generates significant upstream traveling pressure
waves due to the interaction of the incident convected entropy
perturbation with the combustor exit nozzle.

II. Experimental Methods

A. Combustion Rig Setup

The experimental rig is shown in Fig. 1. The working section is
approximately axisymmetric, consisting of a 1-m long straight tube
with a bluff body flame holder positioned on themidpoint of the duct
axis. A 450-mm long section immediately downstream of the flame
holder can be either fused quartz tube, to allow optical access to the
flame, or stainless steel pipe, to allow pressure transducers to be
mounted in the duct wall. The working section is fed with air from a
dedicated 60-hp Sullair compressor and liquid petroleum gas (LPG,
98% propane) from cylinders. The fuel is injected into the air flow
sufficiently far upstream of theworking section to allow for complete
mixing before the flame holder. The airflow rate, and hence theMach
number in the upstream half of the working section, is controlled by
using a throttle valve to set the pressure upstream of the working
section inlet nozzle. The fuel flow rate, and hence the equivalence
ratio of the mixture, is set using a needle valve in the fuel line. An
exhaust scoop removes the exhaust gases from the test cell, and was
designed to be sufficiently far from the combustor exit so as to
replicate an infinite volume as closely as possible within the confines
of the test cell [12].

Broadly speaking, there are two forms of boundary conditions
available for either end of the rig: an open inlet/exit, with theworking
section connected to a large volume, or a choked nozzle. Numerical
studies using the model described in Dowling [13] were used as the
basis for specifying the boundary conditions. This model determines
the frequency and stability of thermoacoustic oscillations in a simple
one-dimensional duct containing a flame. The calculations suggest
that the system behaves in a similarmanner for both open and choked
upstream boundary conditions [6]. Thus it was decided that it was not
necessary to allow for both possible upstream boundary conditions,
and the rig was designed to have a choked boundary condition at the
upstream end. The same calculations also suggested that the
downstream boundary condition has a large effect on the system,
and, in particular, on the system stability [6]. This finding is
consistent with the findings of [4,14]. This is an important effect that
is onlymentioned briefly in the literature, and it is an aim of this study
to investigate this effect further. Thus the rig was designed to allow
the downstream end to be either open or choked.

The choked boundary condition was implemented using a plate
with an angular array of small holes, to achieve uniform flow as
quickly as possible downstream of the nozzle. The downstream
boundary condition was set using a short removable section. This
allowed the nozzle area ratio (AR, defined as the ratio of the throat
area to the duct area) to be varied from open (AR� 1) to choked, the
latter of which was achieved using a nozzle with AR� 0:1.

The acoustic pressure fluctuations inside the combustor were
measured using Kulite WCT-312M fast response water-cooled
pressure transducers, mounted with the pressure sensitive face flush
with the internal wall of the combustion chamber. Seven mounting
points were available (Fig. 2) allowing measurements along the
length of the working section. The transducer signals were logged
using a National Instruments PCI 6013e data acquisition card
mounted in a PC. For all measurements in this paper, 60 s of data
were taken, in six separate records of 10 s each, at a sample rate of
4096 Hz. Sensitivity studies showed that this sampling rate and
duration accurately captured the characteristics of the duct acoustics.

Fig. 1 A cross-section view of the experimental rig, showing the working section and the exhaust duct.
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Because the fuel was introduced upstream of the choked nozzles,
there could be no equivalence ratio fluctuations entering the flame,
and this effect could be discounted as a source of entropy
fluctuations. However, entropy fluctuations were still present
downstream of the flame, due to the interaction between the flame
and the acoustic fluctuations (see, for example, [4–6,13]).

B. Two-Microphone and One Thermocouple (2M1T) Method

It is shown later that the combustor exit boundary condition can
have a significant effect on the system stability. This is due to the
different responses of the combustor exit boundary conditions to
incident fluctuations. An open exit reflects pressure waves, while
allowing entropy fluctuations to convect out of the duct, whereas
entropy fluctuations convected through a nozzle can generate sound
(e.g., [7,15]). In particular, a choked nozzle downstream of a flame
can have a destabilizing effect (see, for example, [4,10,14]). Marble
and Candel [7] examined the response of nozzles to convected gas
nonuniformities and developed a linear exit boundary condition for a
choked nozzle. For a compact nozzle, it takes the form

p0

�p
� 2u0

�u
� �

0

��
(1)

This boundary condition captures the coupling between incident
acoustic and entropic disturbances and a reflected acoustic
disturbance. Although it has been widely used in studies of
thermoacoustic instability [4–6,10,16], to the authors’ knowledge it
has not been experimentally verified.

Verification of this boundary condition may be attempted by an
extension of one of the two separate formulations of the two-
microphone method developed by Seybert and Ross [11] and Chung
and Blaser [17]. These methods are essentially equivalent and use
measurements from twowall-mountedmicrophones to determine the
response of an acoustic impedance to incident pressure waves. Both
methods are commonly used. The method of Seybert and Ross [11]
has been used, for example, by Eldredge and Dowling [18] to
determine the sound absorbed by a perforated duct liner, and by
Jeong and Ih [19] to study the propagation of sound through a bundle
of capillary tubes. No method is presently available, however, for
determining the properties of a duct termination that can respond to
both incident pressure waves and incident entropy fluctuations.

Assume that a duct termination has the geometry shown in Fig. 3.
The duct contains a fluid moving at a mean velocity �u, and there is a
downstream traveling pressure wave

pi�x; t�
�p
� a�t�ei�!t�kix� (2a)

and a convected entropy fluctuation moving with the mean flow

s�x; t�
cp

� s�t�ei�!t�ksx� (2b)

These fluctuations interact with the duct termination to produce an
upstream traveling pressure wave

pr�x; t�
�p
� b�t�ei�!t�krx� (2c)

In the above equations, ki is the downstream traveling wave number

ki �
!

�c� �u

kr is the upstream traveling wave number

kr �
!

�c � �u

and ks is the “wave number” of the entropy fluctuation

ks �
!

�u

The duct termination is assumed to be a linear, multi-input single-
output (MISO) system, with the amplitudes of the incident
nondimensional pressure and entropyfluctuations (a and s) as inputs,
and the amplitude of the reflected nondimensional pressure
fluctuation (b) as the output (see Fig. 4). For this system, it can be
shown that (e.g., Newland [20])

Sab�!� � Saa�!�H1�!� � Sas�!�H2�!� (3a)

and

Ssb�!� � Ssa�!�H1�!� � Sss�!�H2�!� (3b)

where H1�!� � Rp � Prp�!�=Pi�!� is the transfer function
between the incident pressure fluctuation and the reflected pressure
fluctuation due to the incident pressure fluctuation (the pressure
reflection coefficient) and H2�!� � Rs � Prs�!�=S�!� is the
transfer function between the incident entropy fluctuation and the
reflected pressurefluctuation due to the incident entropy perturbation
(the entropy reflection coefficient), and Sij�!� is the cross-spectral
density between i and j at x� 0. The total reflected pressure wave is
then the sum of these two components

Pr�!� �H1�!�Pi�!� �H2�!�S�!� (4)

It is noted thatRs is not strictly a reflection coefficient, as the incident
entropy disturbance is not reflected by the nozzle, but instead
produces a pressure disturbance that propagates upstream. However,
the term “entropy reflection coefficient” follows from the term
“pressure reflection coefficient” and is used throughout this paper.

Fig. 2 Cross-section view of the working section, showing the locations of the pressure transducer mounting points, and an open exit.

Fig. 3 A duct with an unknown termination, with amean flow, incident

pressure and entropy fluctuations, and a reflected pressure fluctuation.

Fig. 4 Block diagram showing the transfer functions between the

acoustic velocity and temperature and the acoustic pressure.
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Equations (3a) and (3b) can be solved simultaneously to yield the
transfer functions

H1�!� �
Ssb�!�Sas�!� � Sss�!�Sab�!�
Sas�!�Ssa�!� � Sss�!�Saa�!�

(5a)

and

H2�!� �
Ssa�!�Sab�!� � Saa�!�Ssb�!�
Ssa�!�Sas�!� � Saa�!�Sss�!�

(5b)

As Fig. 3 shows, the pressure in the duct is measured at two points
x1 and x2 and the temperature is measured at one point x3. For linear
disturbances in a homogeneous flow, the measured pressures and
temperature fluctuations are given by [13]

p1�x1; t�
�p

� �a�t�e�ikix1 � b�t�eikrx1 �ei!t (6a)

p2�x2; t�
�p

� �a�t�e�ikix2 � b�t�eikrx2 �ei!t (6b)

T3�x3; t�
�T

�
�
�� � 1�
�
�a�t�e�ikix3 � b�t�eikrx3 � � s�t�e�iksx3

�
ei!t

(6c)

and the Fourier transforms of these measurements are

P1�!; T� � e�ikix1A�!; T� � eikrx1B�!; T� (7a)

P2�!; T� � e�ikix2A�!; T� � eikrx2B�!; T� (7b)

T3�!; T� �
�� � 1�
�
�e�ikix3A�!; T� � eikrx3B�!; T��

� e�iksx3S�!; T� (7c)

The auto- and cross-spectral densities of the measured pressures and
temperature can be estimated from the measured data by (e.g.,
Bendat and Piersol [21])

S11 �
1

T
P�1�!; T�P1�!; T� (8a)

S22�!; T� �
1

T
P�2�!; T�P2�!; T� (8b)

S12�!; T� �
1

T
P�1�!; T�P2�!; T� (8c)

S13�!; T� �
1

T
P�1�!; T�T3�!; T� (8d)

S23�!; T� �
1

T
P�2�!; T�T3�!; T� (8e)

and

S33�!; T� �
1

T
T�3 �!; T�T3�!; T� (8f)

Substituting Eqs. (7a–7c) into Eqs. (8a–8f), and writing the real
and imaginary parts separately gives a system of nine equations
relating the auto- and cross-spectral densities of the measured
pressure and temperature fluctuations to the auto- and cross-spectral
densities of the incident and reflected wave amplitudes. This system

of equations can then be solved forSaa,Sbb,Sab,Sas,Sbs, andSss, and
Eqs. (5a) and (5b) can then be used to obtain the transfer functions
H1�!� and H2�!�. The full form of these equations is given in the
Appendix.

C. Implementation of the 2M1T Method

As with the pressure transducer measurements described above,
60 s of data were taken in six separate records of 10 s each at a sample
rate of 4096 Hz. For the determination of the pressure and entropy
reflection coefficients, it was necessary to estimate the auto- and
cross-spectral densities S11, S22, S12, S13, S23, and S33 from the
measured data. To do this, MATLAB’s cross-power spectral density
(cpsd) function was used. Each 10 s record was split into 65
overlapping 2.5 s subrecords, and the cpsd function is applied to each
subrecord. The cpsd function further splits each subrecord into eight
segments overlapping by 50%, applies a Hamming window to each
segment, and usesWelch’s averaged, modified periodogrammethod
to estimate the auto- or cross-spectral density [22]. Because of the
averaging method used, splitting the data records in this way results
in a spectral resolution of 1Hz in the estimated spectral densities. The
separate spectral densities are then averaged before being used in the
calculation of Saa, Sbb, Sab, Sas, Sbs, and Sss.

A type “R” (platinum/platinum-13% rhodium) thermocouple was
used to measure the temperature fluctuations. The thermocouple was
constructed from unsheathed 50 �m diameter wire, threaded
through twin bore ceramic tubing attached to a swagelok fitting and
mounted in the duct wall in the same plane as pressure transducer
location 7. The thermocouple junction was created by welding the
wires with an oxy-acetylene torch, and was flattened in a press to
further decrease the junction’s volume to surface area ratio and hence
its time constant. Figure 5 shows a cross-sectional view of the
thermocouple mount and a photograph of the thermocouple tip. A
similar thermocouple was used by Dawson and Fitzpatrick [23] to
measure the temperature spectrum downstream of the flame in a
dump combustor during thermoacoustic instability.

The frequency response of the thermocouple depends on the fluid
in which the junction is immersed. Thus, the frequency response
could only be reliably tested in the experimental rig during
thermoacoustic instability. Several operating conditions were tested,
and Fig. 6 shows typical results from the operating point AR� 0:4,
�M� 0:040, and �� 1:00. Figure 6a shows the measured
nondimensional pressure spectrum from transducer location 7,
Fig. 6b shows the expected nondimensional acoustic temperature
spectrum calculated by scaling the pressure measurement, and
Fig. 6c shows the measured nondimensional temperature spectrum.
The pressure spectrum has peaks at 180 and 355 Hz. The measured
temperature spectrum has a peak at 180 Hz, which is not much
smaller than the peak in the expected acoustic temperature spectrum,
and a small peak a 355Hz. This suggests that the thermocouple cutoff
frequency is close to 180 Hz, and that temperature fluctuations
below this frequency can be measured with reasonable accuracy.
There is also significant energy in the measured temperature

Fig. 5 a) Cross-section view of the thermocouple mount, and b) a

photograph of the thermocouple tip.
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spectrum at low frequencies, which is most likely due to low-
frequency fluctuations in the heat release from the flame. Low-
frequency fluctuations were also seen in separate measurements of
the heat release [12] and in the temperaturemeasurements ofDawson
and Fitzpatrick [23].

A correction to the thermocouple frequency response was also
investigated as part of this study and is fully explained in Hield [12].
This theoretical investigation, based on an energy balance of the
thermocouple bead, showed that the thermocouple should accurately
capture the temperature fluctuations below the cutoff frequency
(approximately 200 Hz) without any amplitude or phase correction,
and above this frequency, a correction amplified both the measured
temperature fluctuations and the noise on the signal. Despite this
conclusion, in [12] the 2M1T method was applied to the corrected
temperature data as well as the uncorrected, and the results
compared. There were no significant differences in the calculated
reflection coefficients in each case. Thus applying a correction did
not improve the temperature data and has not been included here.

D. Validation of 2M1T Method

The 2M1T measurement technique was validated on test data
representing a duct termination which fulfills Marble and Candel’s
[7] boundary condition [Eq. (1)]. To create the test data, the incident
wavesPi andS at the duct terminationwere represented using awhite
noise data series. The reflected wave Pr was calculated using the
appropriate reflection coefficients, and then all threewaveformswere
time shifted and added to obtain the pressure and temperature
waveforms at the measurement locations. The reflection coefficients
were then calculated from the test data using the method described
here, and the results are shown in Fig. 7. The results are displayed for
frequencies below 200Hz, as this is the expected frequency range for
which the thermocouple can accurately measure the temperature
fluctuations. Below 20 Hz, there is significant error apparent in the
reflection coefficient for the choked exit. For very low frequencies,
the microphones will become compact and therefore measure the
same pressure, making it harder to extract the separate waveforms,
but above 20 Hz, the method reproduces the theoretical boundary
condition. The duration of the test data series was 60 s, matching the
experimental record length, and the nondimensional wave
amplitudes pi= �p and s=cp were equal. Numerical experiments were
performed, varying both the record length and the relative amplitudes
of the waves, and showed that the scatter in the result for jRsj, in
particular, is due to the duration of the test data and to the relative
wave amplitudes. A 300 s of test data showed substantially less
scatter, and increasing the relative amplitude of the entropy wave
also reduced the scatter. Ultimately, the reasons for the differing
scatter in jRpj and jRsj can only be speculated on in the absence of a
full error analysis, which is a substantial task in itself, as discussed
later. Nonetheless, the method appears capable of determining the
pressure and entropy reflection coefficients in the range 20–200 Hz.

Fig. 6 Spectra from transducer location 7 at the operating point

AR� 0:4, �M � 0:040; �� 1:00. a) Pressure spectra, b) acoustic

temperature spectra calculated from the pressure measurement, and
c) measured temperature spectra.

Fig. 7 Frequency dependence ofRp andRs for a choked exit obeyingMarble and Candel’s [7] compact boundary condition. Analytic result (solid line),

and the result determined from the test data (dots). a) Pressure reflection coefficient and b) entropy reflection coefficient.
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III. Results and Discussion

A. Open Combustor Exit

Figure 8 shows the pressure transducer results from a typical
operating point with an open exit. The pressure trace is from
transducer position 1, immediately downstream of the inlet nozzle.
The pressure trace at this location contains two main frequencies,
with the first harmonic having the largest amplitude. The amplitude
of the pressure waves is very large, reaching almost 30 kPa above the
mean combustor pressure, which is atmospheric at this operating
condition, and the peaks in the spectra are very clear above the
background noise level. Assuming negligible mean flow, the
upstream end of the working section is expected to be a pressure
antinode, and the downstream end a pressure node, and this appears
to be confirmed by the results. However, the frequencies beyond the
fundamental do not correspond with the classical duct modes.

The results shown in Fig. 8 are replicated with minor variations
over almost the whole available operating range, when the open exit
is in place. The amplitude of the fluctuations increases slightly with
Mach number and displays a peak at approximately stoichiometric
values of the equivalence ratio. The relative size of the modes also
varies slightly. The amplitude of the pressure fluctuations decreases
rapidly below an equivalence ratio of about 0.85. These findings are
consistent with the behavior observed in similar rigs [24,25].

B. Choked Combustor Exit

It was necessary to use a downstream nozzle with an area ratio of
0.1 to choke the exit of the working section at a Mach number of
0.034 upstream of the flame and an equivalence ratio of 0.78. As the
total flow rate of fuel and air cannot be changed once the rig is
operating, only a few choked exit operating points are possible. This
section compares the rig characteristics at a choked exit operating

point of �M� 0:034, �� 0:78 with the open exit operating point at
the same Mach number and equivalence ratio as well as the results
presented earlier.

Two seconds of raw pressure data are shown in Fig. 9, with data
from the same operating point with an open combustor exit for
comparison. In the open exit case, the mean pressure is atmospheric,
and the rig is considered to be stable with only very low amplitude
pressure fluctuations barely distinguishable from the background
noise (see also Fig. 10a). The addition of the choked nozzle increases
the mean pressure to 210 kPa and switches the rig from stable to
unstable operation, with very large amplitude pressure fluctuations.
This high mean absolute duct pressure can only be sustained by a
choked downstream nozzle. Further, Fig. 9 shows clearly the effect
of the downstream boundary condition. At this operating point,
choking the combustor exit clearly causes a thermoacoustic limit
cycle when at the same operating point with the open exit the

combustor is stable. Clearly then, additional mechanisms are
involved when the combustor exit is choked.

Figure 10 compares the nondimensional pressure fluctuations and
the pressure spectra for the open and choked downstream boundary
conditions in more detail. For the open exit case the amplitude of the
oscillations is very small. With the choked exit nozzle, however,
there is clear thermoacoustic instability, with the amplitude of the
pressure fluctuations reaching roughly 30% of the mean pressure.

Although it is not a direct comparison, it is interesting to compare
the behavior of the unstable cases for choked and open combustor
exits. The pressure fluctuations at this choked exit operating point
have a similar nondimensional amplitude as those at the unstable
open exit operating point described earlier. It is noted that the mean
pressure for the choked exit case is approximately double that in the
open exit case, so the absolute amplitude of the pressure wave is
approximately 60 kPa. In the choked case, the peak in the spectra is at
a frequency lower than the fundamental acoustic frequency, and the
mode shape is flat along the length of the duct, whereas the open exit
spectra contain four clear modes (see Fig. 8).

Keller [9] proposed a mechanism of instability for combustion
chambers with choked exits, in which the main driver of the
instability is the upstream traveling acoustic wave generated as the
entropy fluctuation from the flame convects through the downstream
nozzle. The dominant time scale in this mechanism is the convection
time of the entropy perturbation, which leads to oscillations at
frequencies lower than those typical for acoustically driven

Fig. 8 Pressure transducer results forAR� 1:0, �M � 0:040 and �� 1:00. a) A typical pressure trace from transducer position 1, and b) the pressure

spectra for each transducer location, showing the frequencies of oscillation and the mode shapes.

Fig. 9 Raw traces of absolute pressure for �M � 0:034, �� 0:78, with
an open combustor exit (lower trace) anda choked combustor exit (upper

trace).
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instability. Keller derives an expression for the frequency of
entropically driven oscillations,

fn � �2n � 1� uH
2L
�O�MHuH=L� (9)

[Eq. (21) from [9]], where n is the mode number, L is the duct length
downstream of the flame, and uH andMH are the hot gas velocity and
Mach number, respectively. Further studies by the first author show
that it is reasonable to calculate the velocity downstream of the flame
based on the assumption of complete adiabatic combustion [12],
giving uH � 84 ms�1 for this operating condition. Using this value,
together with L� 0:5 m, the equation predicts a fundamental
frequency of 84 Hz, closely matching the experimentally measured
frequency of 90 Hz shown in Fig. 10b.

C. Experimentally Measured Response of Combustor Exit

It was shown earlier that the combustor exit boundary condition
can have a significant effect on the stability of the system. The 2M1T
method is now used to investigate the response of a choked nozzle to
incident pressure and entropy fluctuations. The pressure was
measured at two locations upstream of the nozzle using two of the
Kulite fast response pressure transducers mounted at locations 6 and
7 (see Fig. 2), and the temperature was measured at location 7 using
the fast response thermocouple.

Theoretical pressure and entropy reflection coefficients for a
compact choked nozzle can be derived fromMarble andCandel’s [7]
boundary condition. The fluctuating quantities can be written in
terms of the characteristics

p0

�p
� pi

�p
� pr

�p
;

u0

�u
� 1

� �M

�
pi
�p
� pr

�p

�

�0

��
� 1

�
�pi � pr� �

s

cp

(10)

and substituted into Eq. (1). Taking the Fourier transform and
rearranging gives

Pr �
2 � �� � 1� �M
2� �� � 1� �M

Pi �
� �M

�2� �� � 1� �M�
S (11)

and therefore the reflection coefficients can be written as

Rp �
Prp
Pi
� 2 � �� � 1� �M

2� �� � 1� �M
(12)

where Prp is the reflected pressure perturbation due to the incident
pressure perturbation, and

Rs �
Prs
S
�� � �M

�2� �� � 1� �M�
(13)

where Prs is the reflected pressure perturbation due to the incident
entropy perturbation. Equations (12) and (13) are the transfer
functions between the pressure wave propagated upstream from a
compact choked nozzle and the incident pressure and entropy
perturbations, respectively.

Figure 11 shows the measured (dots) and theoretical (solid line)
pressure and entropy reflection coefficients for the open exit, at
�M� 0:034, �� 0:78. The entropy reflection coefficient is roughly

Fig. 10 Nondimensional pressure traces and spectra for �M � 0:034, and �� 0:78. a) Open exit, AR� 1:0, and b) choked exit, AR� 0:1.
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zero for the open exit, as expected, and the pressure reflection
coefficient is close to the classical result of Rp ��1.

The reflection coefficients are significantly different for the
choked case (Fig. 12), and, in particular, the entropy reflection
coefficient is at least 2 orders of magnitude greater than for the open
case. This shows clearly that the form of the downstream boundary
condition has a large effect on the system, and that a choked nozzle
downstream of the flame is a source of acoustic energy.

The differences between the measured and theoretical results in
Fig. 12 for both the pressure and entropy reflection coefficients have
several probable sources. First, the narrowband forcing should create
more experimental error away from the forcing frequencies, although
it is difficult to conceive of an alternative experiment that could
provide this forcing amplitude at arbitrary and controllable forcing
frequencies. There are also general measurement errors as well as
errors inherent to the 2M1T method. A thorough discussion of the
influence of errors on the original two microphone methods is given
in [26,27]. Such an analysis has not been attempted here, because the
MISO approach of the 2M1T method makes this a substantial study
in itself.

Further, it is possible that a choked downstream nozzle in a real
system undergoing a thermoacoustic limit cycle, while just choked if
only the mean conditions are considered, will in reality vary from
strongly choked to unchoked as the pressure upstream of the nozzle
varies throughout a cycle (see Figs. 9 and 10b). This effect was
studied by Moase et al. [28], and caused significant nonlinearity in
the boundary condition and a more complicated frequency response
than the linear boundary condition proposed by Marble and Candel
[7]. The proposed method for determining the reflection coefficients
is inherently linear, thus potentially creating more errors when
analyzing a nonlinear system. Also, although the duct acoustics are
approximately one dimensional, the temperature field is not, so that a
temperature measurement at a single point in space should not be
expected to represent the temperature disturbance averaged over the
duct area. Once again, such a measurement is challenging, requiring
several probes suspended within an unstable flame.

Nonetheless, a comparison of the relative magnitudes of the
entropic reflection coefficients in Figs. 11b and 12b shows that the
choked nozzle does generate much more sound than the open exit.
This entropic reflection coefficient is at least of the same order of

Fig. 11 Measured (dots) and theoretical (solid line) reflection coefficients for the open exit (AR� 1:0) at �M � 0:034, �� 0:78. a) Pressure reflection
coefficient and b) entropy reflection coefficient.

Fig. 12 Measured (dots) and theoretical [solid line, Eqs. (12) and (13)] reflection coefficients for the choked exit (AR� 0:1) at �M � 0:034, �� 0:78.
a) Pressure reflection coefficient and b) entropy reflection coefficient.
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magnitude as that given by Marble and Candel’s linear boundary
condition, and further work should consider experimental validation
of Marble and Candel’s theory at lower forcing amplitude.

IV. Conclusions

This paper presented results from an experimental investigation of
the acoustics in a premixed laboratory combustor during a
thermoacoustic limit cycle. The form of the downstream boundary
condition has been shown to have a significant effect on the
combustion chamber acoustics, affecting both themodes present and
the amplitude of these modes. In particular, a choked exit nozzle
significantly alters the pressure spectrum inside the combustion
chamber. With a choked nozzle in place, the spectral content is more
broadband and of lower frequency, compared to the three or four
distinct peaks present for the open exit at an unstable operating point.
Further, the two results at the same operating point (defined by the
Mach number upstream of the flame and the equivalence ratio) with
the open exit and the choked exit nozzle resulted in a stable operation
and a large amplitude thermoacoustic limit cycle, respectively. This
showed clearly that changing the downstream boundary condition
from open to choked can switch the rig between stable and unstable
operating conditions.

The frequency response of the downstream boundary condition
was therefore investigated in more detail. An experimental method
was first developed to determine the response of an arbitrary duct
termination to forcing by both incident pressure waves and incident
entropy fluctuations, using measurements of the pressure
fluctuations at two locations and the temperature fluctuations at
one location. This method was applied to both the open exit and the
choked exit nozzle. The open exit results agreed closely with
classical theory. Although the results contained several likely
sources of error due to the very challenging experimental
environment, they also clearly showed that a choked nozzle forced
by an incident entropy wave acts as a significant source of sound
which propagates upstream.

Sound generated by the interaction of incident entropy
disturbances with the choked nozzle was qualitatively in keeping
with Marble and Candel’s [7] linear boundary condition, although
close quantitative agreement with this boundary condition was not
observed. It was argued that this may be expected, given the large
amplitude of the forcing and the possible nonlinearity of the choked
exit due to periodic nozzle unchoking, as suggested recently by
another study [28]. The application of Keller’s [9] equation for the
frequency of convective modes showed that the sound generated by
the interaction of the entropy disturbance with the choked nozzle is
the cause of the large difference in the acoustic spectra of the open
and choked exit cases.

Appendix: Equations Relating the Cross-Power
Spectral Densities

The full form of the equations relating the auto- and cross-spectral
densities of the measured pressure and temperature fluctuations to
the auto- and cross-spectral densities of the incident and reflected
wave amplitudes are

S11 � Saa � Sbb � 2Cab cos�ki � kr�x1 � 2Qab sin�ki � kr�x1
(A.1)

S22 � Saa � Sbb � 2Cab cos�ki � kr�x2 � 2Qab sin�ki � kr�x2
(A.2)

C12 � Saa cos ki�x1 � x2� � Sbb cos kr�x1 � x2�
� Cab�cos�kix1 � krx2� � cos�krx1 � kix2��
�Qab�sin�kix1 � krx2� � sin�krx1 � kix2�� (A.3)

Q12 � Saa sin ki�x1 � x2� � Sbb sin kr�x1 � x2�
� Cab�sin�kix1 � krx2� � sin�krx1 � kix2��
�Qab�cos�kix1 � krx2� � cos�krx1 � kix2�� (A.4)

C13 �
�� � 1�
�
�Saa cos ki�x1 � x3� � Sbb cos kr�x1 � x3�

� Cab�cos�kix1 � krx3� � cos�krx1 � kix3��
�Qab�sin�kix1 � krx3� � sin�krx1 � kix3���
� Cas cos�kix1 � ksx3� �Qas sin�kix1 � ksx3�
� Cbs cos�krx1 � ksx3� �Qbs sin�krx1 � ksx3� (A.5)

Q13 �
�� � 1�
�
�Saa sin ki�x1 � x3� � Sbb sin kr�x1 � x3�

� Cab�sin�kix1 � krx3� � sin�krx1 � kix3��
�Qab�cos�kix1 � krx3� � cos�krx1 � kix3���
� Cas sin�kix1 � ksx3� �Qas cos�kix1 � ksx3�
� Cbs sin�krx1 � ksx3� �Qbs cos�krx1 � ksx3� (A.6)

C23 �
�� � 1�
�
�Saa cos ki�x2 � x3� � Sbb cos kr�x2 � x3�

� Cab�cos�kix2 � krx3� � cos�krx2 � kix3��
�Qab�sin�kix2 � krx3� � sin�krx2 � kix3���
� Cas cos�kix2 � ksx3� �Qas sin�kix2 � ksx3�
� Cbs cos�krx2 � ksx3� �Qbs sin�krx2 � ksx3� (A.7)

Q23 �
�� � 1�
�
�Saa sin ki�x2 � x3� � Sbb sin kr�x2 � x3�

� Cab�sin�kix2 � krx3� � sin�krx2 � kix3��
�Qab�cos�kix2 � krx3� � cos�krx2 � kix3���
� Cas sin�kix2 � ksx3� �Qas cos�kix2 � ksx3�
� Cbs sin�krx2 � ksx3� �Qbs cos�krx2 � ksx3� (A.8)

and

S33 �
�
� � 1

�

�
2

�Saa � Sbb � 2Cab cos�ki � kr�x3

� 2Qab sin�ki � kr�x3� �
2�� � 1�

�
�Cas cos�ki � ks�x3

�Qas sin�ki � ks�x3 � Cbs cos�kr � ks�x3
�Qbs sin�kr � ks�x3� � Sss (A.9)
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